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============

A key characteristic of highly energetic proton--proton collisions at the LHC is the abundant production of multijet events. At high transverse momenta $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\mathrm {T}}$$\end{document}$, such events are described by quantum chromodynamics (QCD) in terms of parton--parton scattering. The simplest jet production process corresponds to a $\documentclass[12pt]{minimal}
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                \begin{document}$$2 \rightarrow 2$$\end{document}$ reaction with the two outgoing partons fragmenting into a pair of jets. Two cross sections, for which the leading-order (LO) predictions in perturbative QCD (pQCD) are proportional to the square of the strong coupling constant, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm {S} ^2$$\end{document}$, are conventionally defined: the inclusive single-jet cross section as a function of jet $\documentclass[12pt]{minimal}
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                \begin{document}$$y$$\end{document}$, and the 2-jet production cross section as a function of the 2-jet invariant mass and a rapidity-related kinematic quantity that provides a separation of the phase space into exclusive bins. The ATLAS Collaboration usually characterizes the 2-jet system in terms of the rapidity separation of the two jets leading in $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\mathrm {T}}$$\end{document}$, while CMS employs the larger of the two absolute rapidities of the two jets. Corresponding measurements by the ATLAS and CMS Collaborations can be found in Refs. \[[@CR1]--[@CR6]\].

In this paper, the inclusive 3-jet production differential cross section is measured as a function of the invariant mass $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$y_{\text {max}}$$\end{document}$, which are defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_3 ^{2}= & {} \left( p_{1}+p_{2}+p_{3}\right) ^{2} \nonumber \\ y_{\text {max}}= & {} {{\mathrm{sgn}}}\big ( |\max (y_1, y_2, y_3) | \nonumber \\&- |\min (y_1, y_2, y_3) |\big ) \cdot \max \left( |y_1 |, |y_2 |, |y_3 | \right) , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_3 ^{2}= & {} \left( p_{1}+p_{2}+p_{3}\right) ^{2} \nonumber \\ y_{\text {max}}= & {} {{\mathrm{sgn}}}\big (|\max (y_1, y_2, y_3) | - |\min (y_1, y_2, y_3) |\big ) \nonumber \\&\cdot \max \left( |y_1 |, |y_2 |, |y_3 | \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$y_i$$\end{document}$ are the four-momentum and rapidity of the $\documentclass[12pt]{minimal}
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                \begin{document}$$i$$\end{document}$th jet leading in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\mathrm {T}}$$\end{document}$. Following Ref. \[[@CR3]\], $\documentclass[12pt]{minimal}
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                \begin{document}$$y_{\text {max}}$$\end{document}$ is defined as a signed quantity such that the double-differential cross section, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{d}^2\sigma /\mathrm{d}{m_3}\,\mathrm{d}{y_{\text {max}}}$$\end{document}$, can be written in a way similar to the inclusive jet cross section, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{d}^2\sigma /\mathrm{d}{p_{\mathrm {T}}}\,\mathrm{d}{y}$$\end{document}$, including a factor of 2 for rapidity bin widths in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|y_{\text {max}} |$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$|y |$$\end{document}$, respectively. The absolute value of $\documentclass[12pt]{minimal}
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                \begin{document}$$| y |_{\text {max}}$$\end{document}$. A previous study of the 3-jet mass spectra was published by the D0 Collaboration \[[@CR7]\]. Very recently, ATLAS submitted a 3-jet cross section measurement \[[@CR8]\].

For this cross section, the LO process is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm {S} ^3$$\end{document}$ and theoretical predictions are available up to next-to-leading order (NLO) \[[@CR9], [@CR10]\] making precise comparisons to data possible. The potential impact of this measurement on the parton distribution functions (PDFs) of the proton is studied and the strong coupling constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm {S}$$\end{document}$ is extracted. In previous publications by CMS, the value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S(M_\mathrm{Z}) = 0.1148 \pm 0.0014\,\text {(exp)} \pm 0.0050\,\text {(theo)} $$\end{document}$ by investigating the ratio of inclusive 3-jet to inclusive 2-jet production, $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S(M_\mathrm{Z}) = 0.1185 \pm 0.0019\,\text {(exp)} \,^{+0.0060}_{-0.0037}\,\text {(theo)} $$\end{document}$ by fitting the inclusive jet cross section \[[@CR12]\]. The ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$R_\mathrm {32}$$\end{document}$ benefits from uncertainty cancellations, but it is only proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm {S} $$\end{document}$ at LO, leading to a correspondingly high sensitivity to its experimental uncertainties in fits of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S(M_\mathrm{Z})$$\end{document}$. The second observable, which is similar to the denominator in $\documentclass[12pt]{minimal}
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                \begin{document}$$1/2$$\end{document}$, but without uncertainty cancellations. It is interesting to study how fits of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _\mathrm {S}$$\end{document}$ to the inclusive 3-jet mass cross section, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{d}^2\sigma /\mathrm{d}{m_3}\,\mathrm{d}{y_{\text {max}}}$$\end{document}$, which is a 3-jet observable similar to the numerator of $\documentclass[12pt]{minimal}
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The data analyzed in the following were recorded by the CMS detector at the LHC during the 2011 data-taking period at a proton--proton centre-of-mass energy of 7 TeV and correspond to an integrated luminosity of 5.0$\documentclass[12pt]{minimal}
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                \begin{document}$$k_{\mathrm {T}}$$\end{document}$ algorithm \[[@CR13]\] as implemented in the [FastJet]{.smallcaps} package \[[@CR14]\] with a jet size parameter of $\documentclass[12pt]{minimal}
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                \begin{document}$$R=0.5$$\end{document}$ has been investigated, but was found to describe the data less well. Similarly, in Ref. \[[@CR15]\] it is shown that the inclusive jet cross section is better described by NLO theory for $\documentclass[12pt]{minimal}
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Events are studied in which at least three jets are found up to a rapidity of $\documentclass[12pt]{minimal}
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This paper is divided into seven parts. Section [2](#Sec2){ref-type="sec"} presents an overview of the CMS detector and the event reconstruction. Sections [3](#Sec3){ref-type="sec"} and [4](#Sec4){ref-type="sec"} discuss the event selection and present the measurement. Theoretical ingredients are introduced in Sect. [5](#Sec5){ref-type="sec"} and are applied in Sect. [6](#Sec6){ref-type="sec"} to determine $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha _S(M_\mathrm{Z})$$\end{document}$ from a fit to the measured 3-jet production cross section. Conclusions are presented in Sect. [7](#Sec7){ref-type="sec"}.

Apparatus and event reconstruction {#Sec2}
==================================

The central feature of the CMS apparatus is a superconducting solenoid of 6 m internal diameter, providing a magnetic field of 3.8 T. Within the superconducting solenoid volume are a silicon pixel and strip tracker, a lead tungstate crystal electromagnetic calorimeter (ECAL), and a brass and scintillator hadron calorimeter (HCAL), each composed of a barrel and two endcap sections. Muons are measured in gas-ionization detectors embedded in the steel flux-return yoke outside the solenoid. Extensive forward calorimetry complements the coverage provided by the barrel and endcap detectors.

The first level (L1) of the CMS trigger system, composed of custom hardware processors, uses information from the calorimeters and muon detectors to select the most interesting events in a fixed time interval of less than 4$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\,\mu \text {s}$$\end{document}$. The high level trigger (HLT) processor farm further decreases the event rate from around 100 kHz to around 400 Hz, before data storage.

The particle-flow algorithm reconstructs and identifies each particle candidate with an optimized combination of all subdetector information \[[@CR16], [@CR17]\]. For each event, the reconstructed particle candidates are clustered into hadronic jets by using the anti-$\documentclass[12pt]{minimal}
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                \begin{document}$$R=0.7$$\end{document}$. The jet momentum is determined as the vectorial sum of all constituent momenta in this jet, and is found in the simulation to be within 5--10 % of the true momentum over the whole $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{Z}$$\end{document}$+jet events \[[@CR18], [@CR19]\]. The jet energy resolution amounts typically to 15 % at 10 GeV, 8 % at 100 GeV, and 4 % at 1 TeV. A more detailed description of the CMS apparatus can be found in Ref. \[[@CR20]\].

Event selection {#Sec3}
===============

The data set used for this analysis contains all events that were triggered by any of the single-jet triggers. A single-jet trigger accepts events if at least one reconstructed jet surpasses a transverse momentum threshold. During the 2011 data-taking period, triggers with eight different thresholds ranging from 60 to 370 GeV were employed. They are listed in Table [1](#Tab1){ref-type="table"} with the number of events recorded by each trigger and the corresponding turn-on threshold $\documentclass[12pt]{minimal}
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The different triggers are used to measure the 3-jet mass spectrum in mutually exclusive regions of the phase space, defined in terms of the $\documentclass[12pt]{minimal}
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                \begin{document}$$p_\mathrm {T,99\,\%}$$\end{document}$ and ends at the turn-on threshold of the trigger with the next highest threshold. The final 3-jet mass spectrum is obtained by summing the spectra measured with the different triggers while taking trigger prescale factors into account. Apart from the prescaling, the trigger efficiency is more than 99 % across the entire mass range studied.

In the inner rapidity region, most single-jet triggers contribute up to 50 % of the final event yield, with the exception of the two triggers with the lowest and highest threshold, which contribute up to 80 and 100 % respectively, depending on $\documentclass[12pt]{minimal}
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                \begin{document}$$m_3 $$\end{document}$. In particular, starting at 1100 GeV, the majority of the events are taken from the highest unprescaled trigger. In the outer rapidity region, each jet trigger contributes over a large range of three-jet masses to the measurement. With the exception of the two triggers with the lowest and highest thresholds, each trigger contributes around 25 % to the final event yield.

The recorded events are filtered with tracking-based selections \[[@CR21]\] to remove interactions between the circulating proton bunches and residual gas particles or the beam collimators. To further reject beam backgrounds and off-centre parasitic bunch crossings, standard vertex selection cuts are applied \[[@CR21]\]. To enhance the QCD event purity, events in which the missing transverse energy $\documentclass[12pt]{minimal}
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Jet identification (jet ID) selection criteria \[[@CR22]\] are developed to reject pure noise or noise enhanced jets, while keeping more than 99 % of physical jets with transverse momentum above 10 GeV. In contrast to the previous selection criteria, which reject complete events, the jet ID removes only individual jets from the event. The jet ID applied to the particle-flow jets requires that each jet should contain at least two particles, one of which is a charged hadron. In addition, the jet energy fraction carried by neutral hadrons and photons must be less than 90 %. These criteria have an efficiency greater than 99 % for hadronic jets.

Measurement and experimental uncertainties {#Sec4}
==========================================

The double-differential 3-jet production cross section is measured as a function of the invariant 3-jet mass $\documentclass[12pt]{minimal}
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To remove the impact of detector effects from limited acceptance and finite resolution, the measurement is corrected with the iterative d'Agostini unfolding algorithm \[[@CR23]\] with four iterations. Response matrices for the unfolding algorithm are derived from detector simulation by using the two event generators [pythia]{.smallcaps} version 6.4.22 \[[@CR24]\] with tune Z2 \[[@CR25]\] and [herwig++]{.smallcaps} version 2.4.2 \[[@CR26]\] with the default tune. (The [pythia]{.smallcaps} 6 Z2 tune is identical to the Z1 tune described in \[[@CR25]\] except that Z2 uses the CTEQ6L PDF while Z1 uses CTEQ5L.) Differences in the unfolding result are used to evaluate the uncertainties related to assumptions in modelling the parton showering \[[@CR27], [@CR28]\], hadronization \[[@CR29]--[@CR32]\], and the underlying event \[[@CR27], [@CR33], [@CR34]\] in these event generators. Additional uncertainties are determined from an ensemble of Monte Carlo (MC) experiments, where the data input and the response matrix are varied within the limits of their statistical precision before entering the unfolding algorithm. The unfolding result corresponds to the sample mean, while the statistical uncertainty, which is propagated through the unfolding procedure, is given by the sample covariance. The variation of the input data leads to the statistical uncertainty in the unfolded cross section, while the variation of the response matrix is an additional uncertainty inherent in the unfolding technique because of the limited size of simulated samples.

The systematic uncertainty related to the determination of the jet energy scale (JES) is evaluated via 16 independent sources as described in Ref. \[[@CR3]\]. The modified prescription for the treatment of correlations as recommended in Ref. \[[@CR12]\] is applied. To reduce artifacts caused by trigger turn-ons and prescale weights, the JES uncertainty is propagated to the cross section measurement by employing an ensemble of MC experiments, where the data input is varied within the limits of the systematic uncertainty and where average prescale weights are used.

The luminosity uncertainty, which is fully correlated across all $\documentclass[12pt]{minimal}
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Residual jet reconstruction and trigger inefficiencies are accounted for by an additional uncorrelated uncertainty of 1 % as in Ref. \[[@CR3]\].

Figure [1](#Fig1){ref-type="fig"} presents an overview of the experimental uncertainties for the 3-jet mass measurement. Over a wide range of 3-jet masses, the JES uncertainty represents the largest contribution. At the edges of the investigated phase space, i.e. in the low and high 3-jet mass regions, statistical and unfolding uncertainties, which are intrinsically linked through the unfolding procedure, become major contributors to the total uncertainty.Fig. 1Overview of the measurement uncertainties in the inner $\documentclass[12pt]{minimal}
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Theoretical predictions and uncertainties {#Sec5}
=========================================

The theoretical predictions for the 3-jet mass cross sections consist of an NLO QCD calculation and a nonperturbative (NP) correction to account for the underlying event modelled by multiparton interactions (MPI) and for hadronization effects. Electroweak corrections to inclusive and dijet cross sections have been calculated in Ref. \[[@CR36]\], where they are found to be limited to a few percent at the highest dijet masses accessible with the CMS data at 7 TeV centre-of-mass energy. For 3-jet quantities these corrections are not known and hence cannot be considered in the present analysis.

The NLO calculations are performed by using the [NLOJet++]{.smallcaps} program version 4.1.3 \[[@CR9], [@CR10]\] within the framework of the [fastNLO]{.smallcaps} package version 2.1 \[[@CR37]\]. The partonic events are subjected to the same jet algorithm and phase space selections as the data events, where at least three jets with $\documentclass[12pt]{minimal}
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Comparisons to the NLO predictions are performed for five different PDF sets, each with NLO and NNLO PDF evolutions, from the LHAPDF package \[[@CR38]\]. They are listed in Table [2](#Tab2){ref-type="table"} together with the corresponding number of active flavours, $\documentclass[12pt]{minimal}
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For the NP corrections, the multijet-improved MC event generators [sherpa]{.smallcaps} version 1.4.3 \[[@CR45]\] and [MadGraph]{.smallcaps}  5 version 1.5.12 \[[@CR46]\] are used to simulate 3-jet events. [sherpa]{.smallcaps} employs a dipole formulation for parton showering \[[@CR47], [@CR48]\], a cluster model for hadronization \[[@CR49]\], and an MPI model for the underlying event that is based on independent hard processes similar to [pythia]{.smallcaps}  \[[@CR33], [@CR45]\]. In the case of [MadGraph]{.smallcaps}, the steps of parton showering, hadronization, and multiple parton scatterings come from [pythia]{.smallcaps} version 6.4.26 with default settings using the Lund string model for hadronization \[[@CR29]--[@CR31]\] and a multiple-interaction model for the underlying event that is interleaved with the parton shower \[[@CR27]\]. The 3-jet mass is determined for a given event before and after the MPI and hadronization phases are performed. This allows the derivation of correction factors, which are applied to the theory prediction at NLO. The correction factor is defined as the mean of the corrections from the two examined event generators and ranges in value from 1.16 for the low mass range to about 1.05 at high 3-jet mass. The systematic uncertainty in the NP correction factors is estimated as plus or minus half of the spread between the two predictions and amounts to roughly $\documentclass[12pt]{minimal}
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An overview of the different theoretical uncertainties is given in Fig. [3](#Fig3){ref-type="fig"}.Fig. 3Overview of the theory uncertainties in the inner $\documentclass[12pt]{minimal}
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Figure [4](#Fig4){ref-type="fig"} compares the measured 3-jet mass spectrum to the Theory prediction. This prediction is based on an NLO 3-jet calculation, which employs the CT10-NLO PDF set and is corrected for nonperturbative effects. Perturbative QCD describes the 3-jet mass cross section over five orders of magnitude for 3-jet masses up to 3 TeV. The ratios of the measured cross sections to the theory predictions are presented in Fig. [5](#Fig5){ref-type="fig"} to better judge potential differences between data and theory. Within uncertainties, most PDF sets are able to describe the data. Some deviations are visible for small $\documentclass[12pt]{minimal}
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                \begin{document}$$| y |_{\text {max}}$$\end{document}$. This prediction is based on an NLO 3-jet calculation, which employs the CT10-NLO PDF set and is corrected for nonperturbative effects. The *vertical error bars* represent the total experimental uncertainty, while the *horizontal error bars* indicate the bin widthsFig. 5Ratio of the 3-jet mass cross section, divided by NP corrections, to the theory prediction at NLO with the CT10-NLO (*top*) or CT10-NNLO PDF set (*bottom*) for the inner rapidity region (*left*) and for the outer rapidity region (*right*). The data are shown with *error bars* representing the statistical uncertainty after unfolding added quadratically to the 1 % uncorrelated residual uncertainty and *gray rectangles* for the total correlated systematic uncertainty. The *light gray* (colour version: *yellow*) *band* indicates the PDF uncertainty for the CT10 PDF sets at 68 % confidence level. In addition, the ratios of the NLO predictions are displayed for the PDF sets MSTW2008, NNPDF2.1, HERAPDF1.5, and ABM11, also at next-to- (*top*) and next-to-next-to-leading evolution order (*bottom*)

In the following, the PDFs are considered to be an external input such that a value of $\documentclass[12pt]{minimal}
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The shape of the predicted 3-jet mass cross section depends on the QCD matrix elements and kinematic constraints. Because each of the leading three jets is required to have a $\documentclass[12pt]{minimal}
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Summary {#Sec7}
=======

The proton--proton collision data collected by the CMS experiment in 2011 at a centre-of-mass energy of 7 TeV were used to measure the double-differential 3-jet production cross section as a function of the invariant mass $\documentclass[12pt]{minimal}
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The strong coupling constant has been determined in multiple regions of 3-jet mass for values of the scale $\documentclass[12pt]{minimal}
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This result, achieved with 3-jet production cross sections, is consistent with determinations previously reported by CMS using the inclusive jet cross section \[[@CR12]\] and the ratio of inclusive 3-jet to inclusive 2-jet production cross sections \[[@CR11]\]. It is also consistent with a recent determination of $\documentclass[12pt]{minimal}
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